This paper studies the implications of adaptive learning in the modelling of intercountry linkages in a two-region MS-GCubed (MSG3) model built on micro-founded behaviors of …rms and households. The nature of the transmission process under rational expectations versus adaptive learning (Evans and Honkapohja, 2001 ) is explored. We investigate the propagation mechanism within and across borders for various shocks and policy changes within the United States: change in in ‡ation target, …scal policy, productivity shock, and rise in equity risk. Adaptive learning is found to change the short run sign of transmission in most cases but this also depends on the fraction of forward-looking agents in the economy. This suggests the choice of expectations formation scheme is crucial in large-scale macroeconomic models.
Introduction
Expectations play a signi…cant role in the international transmission of shocks and policy changes. The standard treatment of expectations formation remains the rational expectations (RE) paradigm. Large-scale macroeconomic models, based on coherent theoretical foundation, like the G-Cubed model of McKibbin and Wilcoxen (1998a) and the MSG2 model of McKibbin and Sachs (1991) have been popular tools for studying the impact of policies on the world economy. 1 These models are formulated with RE assumption, nominal rigidities and intertemporal optimization on the part of economic agents. However the assumption of informational e¢ ciency, under RE, has been criticized for being unrealistic. Sargent (1993) concludes that RE models impose too much knowledge on the part of agents within the model than is possessed by an econometrician.
The contribution of this paper is to revisit the expectations formation assumption imposed on agents. The paper examines the implications of learning in the analysis of inter-country linkages, that is, how shocks are transmitted within and across borders when economic agents are assumed to learn about the structural relations of the global economy. In particular, this paper explores three issues: (i) the signs and magnitude of transmission e¤ect across borders, (ii) the volatilities and forecasting performance relative to the RE benchmark, and (iii) the robustness of the results to various parameterization in the learning algorithms. The novelty of this work is that it studies the transitional dynamics under both RE and adaptive learning in an empirically realistic two-country macroeconomic model.
To address these issues, we use a two-region MS-GCubed (MSG3) multi-country model comprising of the United States and the rest of the world (ROW). 2 In this stylized model the main features of the empirical model are incorporated but the ROW is assumed to be a mirror image of the US. This is done to minimize the scale of a very large numerical problem, and is meant to provide some illustrative insights for future analysis in the larger model. The model is solved and simulated under RE to provide the benchmark results.
The concept of learning is modelled using adaptive learning (Evans and Honkapohja, 2001 ). Instead of endowing agents with complete information as in RE, learning agents are modelled to behave like econometricians who update time-varying parameters of the minimal state-space representation of the MSG3 model using least square estimation techniques. To study real time learning, the recursive least squares (RLS) algorithms with decreasing gain and various constant gains were used. These values were chosen based on recent applications of learning in macroeconomics by Milani (2006) and Orphanides and Williams (2002) .
The timing of events in the learning model unfolds as follows. At t 1, agents are endowed with the current information set and beliefs about the structural relation of the 1 A survey of the major large-scale multi-country models and the nature of international transmission in these models can be found in Bryant et al. (1988) . 2 The MSG3 model is a 2 sector version of the estimated G-cubed model aggregated to be similar in scale to the calibrated MSG2 model of McKibbin and Sachs (1991) . economy at the minimal state-space level (that is, they know the structural parameters and functional form) of the model. At time t, a shock occurred in the US economy. Learning agents operating in the global economy update their estimates of the structural relationship of the global economy using the adaptive learning algorithm. In return, their expectations of forward-looking variables a¤ect the time path of the economy in the next period. The nature of learning is adaptive in the sense that expectations are revised over time as new observations become available. Consequently, this model becomes self-referential in nature Sargent, 1989a and 1989b) .
Being an empirical enquiry on the e¤ects of learning, this paper builds on earlier works of adaptive learning in macroeconomics. These include, inter alia, Hall and Garratt (1995) and Garratt and Hall (1997) . These authors have focused speci…cally on the formation of exchange rate expectations as a learning process. However, their analysis has not considered the role of other forward-looking variables. This paper extends recent contribution by Milani (2006) and Williams (2003) . Milani has applied "irrational expectations"econometric technique and use the estimated parameters to perform simulations under learning for a closed version of the US economy. Williams has studied the implications of learning on the persistence and volatilities of simple monetary and real business cycle models. This paper extends Williams by introducing learning into a two-country macroeconomic model. This paper is closely related to Milani (2006) who examines the relevance of "mechanical" source of rigidities in explaining actual time series data. Although our approach uses a model that is partly estimated and partly calibrated, we are able to explore the nexus between nominal rigidities and learning by varying a key parameter in the MSG3 model.
Using adaptive learning algorithms, this paper places some empirical magnitudes on the size of policy spillover among countries under learning. To do so, four types of independent shocks and policy changes that are common in large-scale macroeconomic modelling analysis were considered. These are changes in monetary policy (in ‡ation target shock), …scal policy, productivity shock and a change in the equity risk premium. These shocks are assumed to be persistent and decay exponentially with a factor of 0. The choice of these policy changes and shock scenarios warrants some justi…cation.
In ‡ation targeting has increasingly become a common framework for the implementation of monetary policy. Thus, it would be interesting to evaluate its transmission e¤ect within and outside the US. 3 Using the MSG solution algorithm, we simulate for the benchmark RE result. To incorporate the concept of adaptive learning, we augment the MSG solution algorithm to compute expectational stability (E-stability) conditions and real-time learning via the RLS and constant gain learning algorithms. By satisfying the E-stability conditions, agents learn the true values of time-varying parameters and converge to the rational expectations equilibrium (REE) asymptotically with positive probability at the limit (Evans and Honkapohja, 2001 ). The e¤ects of learning on short run policy responses are obtained by the RLS algorithm and constant gain algorithms with …xed constant gains of 0.03 and 0.10. It is well known in the recursive identi…cation literature that a constant gain learning algorithm will lead to convergence towards an ergodic steady state distribution of the REE.
We …nd that, under adaptive learning, the transitional dynamics are signi…cantly different from those predicted by RE. The key …ndings in this paper may be summarized as follows. First, in the standard learning case, the short run transmission e¤ects of shocks and policy changes di¤er signi…cantly from the predictions of the MSG3 model under RE.
Amongst the shocks considered, these transmission e¤ects actually have the opposite signs initially, except for changes in the monetary/in ‡ation target in the short run. This result is robust across the gain sequences considered in the analysis. These signs nonetheless revert to the standard RE predictions of the MSG3 model over time since E-stability conditions are satis…ed. Second, in contrast to …ndings in Williams (2003) , learning has led to signi…cant deviations in the transition dynamics under various shock scenarios and this …nding is robust across learning algorithms. This is because many variables depend on forward-looking variables in the MSG3 model: real exchange rate, Tobin's q, long term real interest rates, human wealth and price levels. These variables are a¤ected directly by time-varying expectations under learning. The greater variances uncovered in these variables suggest agents learn about the structural relationship of the model slowly, albeit the use of constant gain adaptive learning algorithms which enhances the alertness of learning agents. Finally, by increasing the fraction of forward-looking agents in the MSG3 model with learning, we …nd that the opposite signs of transmission uncovered in the standard learning case changed except for equity risk.
The rest of the paper is structured as follows. Section 2 describes a stylized twocountry MSG3 model. Section 3 explains how the model is solved under RE and adaptive learning. Section 4 examines and discusses the e¤ects of learning in the international transmission of shocks by comparing the dynamic responses of the world economy under RE and learning. Section 5 present some summary statistics to evaluate the performance of various learning algorithms. Section 6 conducts sensitivity analysis on the learning algorithms, and Section 7 concludes. Appendix A details the structure of the MSG3 model and Appendix B provides a summary of equilibrium conditions. These can be found at the back of the paper.
Theoretical Framework of MSG3 Model
The MSG3 model is based on theoretical underpinnings of the dynamic stochastic general equilibrium (DSGE) approach. It is a large-scale numerical model designed to study a variety of policy changes and shocks within and across countries. This model also incorporates features of traditional computational general equilibrium (CGE) models, Real Business Cycle (RBC) models and Keynesian macroeconometric models. Jorgenson and Wilcoxen (1990) . To do so, a consistent time series of input-output tables were …rst constructed for the US. 4 Next, the standard industrial classi…cations were converted and aggregated to twelve sectors. 5 To capture the dynamics of real data, several assumptions were made to generate a baseline solution. First, the sum of the long run rates of population and productivity growth of the world is assumed to be 2.5% per annum. Also, the long run real interest rate is assumed to be 5% per annum. Second, tax rates and government expenditure allocated to each sector remain the same as in the base year of 2002. Third, constant terms are added to each of the equations for the costate variables in the model so that their values correspond to that of the historical data.
The main features making the MSG3 model attractive for policy analysis are as follows. First, in the long run the world economy is on the balanced growth path of a neoclassical Solow/Swan/Ramsey growth model. The MSG3 model is based on explicit intertemporal optimization of agents (consumers and …rms) in each economy subject to explicit intertemporal budget constraints. This follows Sargent (1987) , Blanchard and Fischer (1989) , and Obstfeld and Rogo¤ (1996) . In the short run, the dynamics of the model 4 This is based on a series of US input-output transactions tables produced by the Bureau of Economic Analysis (BEA) for the years 1958, 1963, 1967, 1972, 1977 and 1982 . More details can be found in McKibbin and Wilcoxen (1994). 5 The dataset was adjusted in the following ways (see McKibbin and Wilcoxen, 1999) . First, consumer durables are classi…ed as investment in the G-cubed model. These are classi…ed as consumption items in the US National Income and Product Accounts and the input-output tables. Second, the value added of each sector was supplemented from a dataset on capital and labor input. Third, prices for each good are collected from the output and employment dataset available from the Bureau of Labor Statistics (BLS).
are driven by Keynesian style nominal rigidities in goods and labour markets. Households and …rms maximize intertemporal utility and pro…t functions subjected to intertemporal budget constraints. 6 In order to track the characteristic of macroeconomic time series better, the behavior of agents (consumers and …rms) has been adjusted to allow for short run deviations from the intertemporal optimized condition. This arises due to either myopia or constraints on households and …rms to borrow at the risk free rate of the government bond. Such deviations take the form of rules-of-thumb and are consistent with an optimizing agent not updating future expectations based on the current information set.
Also, these rules-of-thumb are chosen so as to generate the same steady state behavior as the optimizing agents. The weight allocated to rule-of-thumb is 0.7. Short run nominal wage rigidities exist in the model. Due to di¤erent institutional arrangements, the degree of rigidities vary across countries. As a result, prolonged period of unemployment is a standard feature of the model. Since the model used in this paper is symmetrical by construction, the degree of rigidities are the same.
The other key feature of the MSG3 model is the explicit treatment of stock and ‡ows. 
Rational Expectations and Adaptive Learning
There are several ways to solve the model under RE. Blanchard and Kahn (1980) , and McCallum (1983 and 1998) are common techniques which allow for derivation of closed form analytical solutions. These two techniques are often used to obtain the REE solution in the adaptive learning literature. However, these solution techniques may be appropriate for univariate model or multivariate model with small dimension where analytical solutions could be easily obtained. In large-scale multi-country models, solving for the REE 6 Money is explicitly introduced into the model under a constraint whereby households are required to hold money to purchase goods and services. solution could become cumbersome and computationally intensive when one considers disaggregation of goods in di¤erent markets and di¤erent forward-looking variables in asset prices, consumption and investment. Hence, the model is solved using the MSG solution algorithm.
Since the MSG solution technique is well documented (McKibbin, 1987; McKibbin and Sachs, 1991) , the discussion here is heuristic. We …rst classify variables into various categories: lead state (X t+1 ), state (X t ), jumping (e t ), endogenous (Z t ), expected state (E t X t+1 ), expected jumping (E t e t+1 ) and exogenous variables (w t ). Next, the endogenous variables are substituted out by expressing them as a function of other variables in the system. After log-linearising around the initial conditions, this forward-looking model with lagged endogenous variables can be expressed as a linear expectational di¤erence equations system:
where Y t is a vector of evolving variables (comprising of X t+1 , a column vector of state variables and e t ; a column vector of jumping variables) and w t is a vector of exogenous variables. To attain a canonical representation, relating to its deep structural parameter matrices, the model is re-written as:
Since RE is assumed, agents make use of all available information when forming expectations about future variables. To solve as a …nite horizon optimization problem, we assume that the last period is T = 280. Thus, we write the terminal condition for the jumping variable as e T = H 1T X T + H 2T w t . Consequently, in any period we need to …nd the matrices which link the jumping variable to the state and exogenous variables. The rule e t = H 1 X t + H 2 w t governs the stable manifold property of the system. This is obtained by backward recursive iteration until H 1T and H 2T are independent of the terminal condition. After substituting this rule into (2), the model can be expressed as a linear di¤erence equation system in terms of state and exogenous variables:
The stability of the system is determined by the coe¢ cient matrix of the evolving variables. The necessary condition for stability is that the eigenvalues of this matrix has to be within unit circle. As discussed in McKibbin (1987) to the REE outcome asymptotically.
Since we are analyzing the impact of shocks on the economy in terms of deviations from the baseline, we set = 0. Thus, (2) becomes
where Y is a column vector of state and jumping variables, and w t a vector of exogenous variables in the MSG3 model. Corresponding to (3), the MSV solution, i.e. the perceived law of motion, takes the form
where b and c are conformable matrices. The corresponding expectations are
where b E t denotes expectations being formed in non-rational manner. Substituting (6) into (4) gives the ALM
From (7), the time path of Y t depends non-linearly on the recent t-period estimates of the structural parameters.
The asymptotic properties of the MSV solution under learning is determined by the E-stability condition. Using the PLM in (5), we obtain a mapping to the ALM in (7):
In the limit, the T -mapping to the …xed point of (b; c) is the REE solution.
From the E-stability principle, the stability of the system under learning is determined by the matrix di¤erential equation
where is notional time. The REE under learning is E-stable if (9) is locally stable in the neighborhood of REE, that is, (b; c). From (3), the REE is
The condition for local stability is determined by the eigenvalues of the respective Jacobian matrices of DT b (b) and DT c (b; c). As shown in Evans and Honkapohja (2001), the REE is locally stable if the real parts of all eigenvalues associated with these Jacobian matrices are less than one. This ensures that, as more information becomes available, agents will learn to form RE with a large probability.
Being a multivariate model, the form of learning falls under the category of VAR learning. The timing of event behind real-time learning takes place as follows. At period t 1, agents are endowed with beliefs t 1 = [b 0 t 1; c 0 t 1 ] and the correct structure of the global economy. As discussed in Evans and Honkapohja (1998) , this has to be near to the REE, = [b 0 ; c 0 ] to satisfy stability conditions. At period t, the US economy is subjected to an exogenous observable shock. Using the VAR solution, they learn about the structural relation of the global economy by updating t which subsequently a¤ects the underlying structural dynamics of the model. This process is repeated as time elapses.
When agents are learning in real-time, the parameters t = (b 0 t ; c 0 t ) are updated by the recursive least squares (RLS) algorithm:
and g t is the gain sequence. From (10) and (11), it is evident that the RLS algorithm is sensitive to the initial values of the coe¢ cient matrix 0 and the regressors z 0 , and the choice of the gain sequence g t . Though such choices could be made on an ad hoc basis, this may lead to di¤erent learning dynamics and often divergent time paths (Grandmont and Laroque, 1991). Thus it is key to keep the RLS within close proximity to the REE to maintain local stability properties (Evans and Honkapohja, 1998) .
With regard to the choice of initial conditions 0 and R 0 , these e¤ects should disappear over time since the asymptotic properties of the RLS algorithm are well-behaved by satisfying the E-stability condition. Carceles-Poveda and Giannitsarou (2006) highlight the importance of initial conditions in the RLS algorithm within a broad class of dynamic stochastic macroeconomic models. Considering between initial conditions chosen on ad hoc basis and randomly generated data, they found signi…cance di¤erence between learning dynamics and the REE outcome.
We introduce white noise shocks with arbitrarily small variances to each exogenous variables in the model. There are two motivations. First, this relates to the econometric intuition behind recursive least squares algorithm. Aymptotically, as the variables converge to the REE, Y t will converge to a constant, and consequently z t will have problems of perfect multicollinearity. The presence of white noise with small supports will break the multicollinearity problem. Second, this makes it more natural to initialize learning (and in particular, R 0 ) at the stochastic process followed by the REE.
The common gain sequences in the RLS algorithms are decreasing gain Under constant gain learning, agents are alert to potential structural changes in the economy. When g > 0, more weight will be allocated to recent observations and subsequently lead to a faster speed of adjustment in the learning coe¢ cient t . The system would not converge perfectly to the REE but instead towards some ergodic steady state distribution. Theoretically, 0 < g 1. As g ! 0, the coe¢ cient remains the same throughout the simulation without any form of learning. When g = 1, this re ‡ects that agents are fully alert to changes in the economy and t will converge to REE almost instantaneously. However, under such circumstances, elements in z t might contain identical rows or columns, and result in multicollinearity problems. As a result, the second moment matrix R t ceases to be invertible, and learning ceases instantaneously.
Besides acting as a tracing device, the choice of gain sequence will also a¤ect the 
In ‡ation Target
The e¤ects of a persistent increase in the in ‡ation target hinges crucially on the monetary policy reaction function of the US economy. In the MSG3 model, the US policymaker's reaction function follows a Henderson-McKibbin-Taylor (HMT) rule (Henderson and McKibbin, 1993 ) with the short term nominal interest rate dependent on the lagged interest rate and positively on both the di¤erence between actual and targeted in ‡ation and the di¤erence between actual and desired GDP growth:
where i t is the short term policy interest rate in t and i t 1 is the policy interest rate in On the other hand, the appreciation of the currency from the point of view of the ROW has signi…cant e¤ects. Consumption of the ROW goods is higher (as re ‡ected by a trade surplus in the ROW during adjustment) because an appreciated real exchange rate allows consumers to import more goods from the US more cheaply in terms of the ROW goods.
This terms of trade e¤ect diminishes over time as the real exchange rate moves towards the baseline. The subsequent surplus in the ROW trade balance suggests consumers in the ROW attempt to smooth consumption while real GDP ‡uctuates due to changes in the level of investment.
Overall, raising the in ‡ation target has positive but temporary transmission e¤ects.
Under learning, real GDP, consumption and investment in the US economy exhibits deviations from the REE. There are two reasons. First, learning agents are not internalizing the shock since they cannot observe the entire future path of the shock to the in ‡ation target. This di¤ers from the RE outcome where agents have perfect foresight on the exact nature of shock in the future. Second, the time paths of these variables are more volatile as the parameter set characterizing the RE solution is now drifting over time as more information becomes available for agents to update their expectations.
Learning agents seem to have misperceived the correct relation of the in ‡ation target shock to the rest of the model. The real interest rate is no longer tied down in the short run to the rate of time preference in the RE sense. More importantly, the HMT rule enters the VAR learning model structurally. As such, the coe¢ cient of i t 1 ; and are now time-varying. The volatile movement in the interest rate is mainly driven by the time path of which happens to be smaller than that of the RE solution during the transition. Being a type of multivariate learning, the reduced form coe¢ cients of i t 1 ; and , embedded in 1t and 2t , adjust gradually as more data becomes available. This explains the gradual adjustment of interest rate to the baseline. Since the link between the nominal interest rate and in ‡ation target are weaker, learning agents think a low interest rate environment will be conducive for higher consumption and investment in the initial periods. This also leads to higher GDP compared to the REE.
The choice of gain sequence is crucial in the dynamic responses. A higher constant gain leads to a faster speed of learning. This is evident in minimal deviation of the learning time path compared to that of the RE in the interest rate. Since the nominal interest rate is directly a¤ected by the in ‡ation target shock, the rest of the variables adjusts back to baseline with the fastest associated with the high constant gain. The sequential decline in the real interest rate causes consumption and investment to adjust back to the baseline over a long period. In the long run, the transversality conditions and all intertemporal budget constraints are binding, and as such the real variables would tend to return to the REE.
In terms of percentage deviation from baseline, the real exchange rate under learning depreciates less as compared to the RE case in the …rst year following the impact of the shock. Due to path dependence and learning inertia, the real exchange rate remains less volatile than that in RE. Intuitively, this is associated with less volatile nominal interest rate.
Similar to the US, the real interest rate rises sharply in the ROW. This occurs with a delay as the ROW does not experience the shock directly. Furthermore, under VAR learning, agents attached same weight to each variable indiscriminately. Intuitively, the ROW real GDP should fall. However, strong growth in the US raises demands for the ROW exports which increases the ROW GDP by magnitude greater than the RE case.
This causes ROW investment and consumption to rise, and also put upward pressure on the ROW real interest rate. The consumption and investment responses remain strong for a longer duration than under RE.
Using our de…nition of policy transmission, the monetary policy change has resulted in a positive spillover e¤ect to the ROW. Thus, this shock is also positively transmitted under adaptive learning. However, the change in the size of the US and the ROW GDPs are more pronounced in the short run which subsequently leads to losses in the medium term as the global economy adjusts back to the baseline asymptotically. This is further substantiated by the longer period of the lowered ROW real GDP.
Fiscal Policy
A demand shock is assumed to be a change in the US total government consumption.
Since the MSG3 model incorporates intertemporal accounting, the assumptions about the …scal closure rules are important. It is assumed that changes in …scal de…cits are sustainable by imposing a lump sum tax on households to cover the additional interest payments from any changes in the long term government debt. Thus a persistent change in government spending will change the long run stock of debt to GDP. This is a standard closure assumption in the MSG3 model. A bond-…nanced …scal expansion, under the assumption of perfect asset substitutability between the US and the ROW …nancial assets, will lead to a rise in domestic income in the US and an appreciation of the US dollar against the currency of the ROW. Indeed, this is so with US real GDP rising by 0.3% and its exchange rate appreciating by 1.2% in 2006. The appreciated US dollar has produced a large trade de…cit. It is clear that the increase in real interest rate has crowded out private consumption and private investment, and real exchange rate appreciation has crowded out net exports, albeit the presence of …scal stimulus and the rise in US GDP.
Fiscal expansion in the US is negatively transmitted in terms of lower ROW real GDP during the transition. This …nding is consistent with the result in Bianconi and Turnovsky (1997). 8 The increase in US government spending …nanced by issuing debt has led to an increase in the world interest rate. This subsequently dampens the ROW investment.
Thus, this policy is beggar-thy-neighbor. On the other hand, the appreciation of the US dollars which translates to a real depreciation of the ROW currency results in a temporary 8 They have also examined the implications of other methods of …nancing the …scal de…cits. Their result shows that the assumption on the …nancing scheme changes the nature of international transmission. If the increase in …scal expenditure is …nanced by a tax on capital, the transmission e¤ect di¤ers from standard Mundell-Fleming explanation. Under this assumption, the home country experiences a reduction in economic activity while the foreign country gains. If the increase in …scal expenditure is …nanced by a tax on labor, the qualitative result is similar to that of a tax on capital. However, there are also plausible cases whereby the e¤ect can be reversed, that is, an expansion in domestic activity and a reduction in foreign activity.
trade surplus for the ROW in the short run. However, this is short-lived as the US real exchange rate depreciates towards the baseline over time. The gradual depreciation can be explained by the sluggish adjustment of nominal wages and prices in both regions.
When agents are learning about the US …scal expansion, the real interest rate increases by a larger amount in comparison to the RE case. The government consumption variable is embedded within the national income identity (see Appendix B, equation (42)). As we have initialized the parameter matrix 2t at the REE, the only possibility of initial overshooting of output in the …rst period is due to learning inertia which has made the relationship between output and government consumption more positive. Operating through the HMT rule, this causes nominal interest rate to rise and further increases the real interest rate.
This consequently resulted in lower private savings and higher consumption in the short run. This holds for both the RLS and constant gain learning algorithms.
The higher real interest rate also drives down private investment. Under RE, consumers internalize the future tax e¤ect from the current increase in government spending and thus, through revisions in human wealth accumulation, do not raise consumption as much. On the other hand, the lack of information has misled learners to estimate a higher positive e¤ect from the US …scal expansion. This is re ‡ected by higher consumption in the short run.
Firms also understand the future tax e¤ects under RE. As a result, they use higher future interest rates more heavily to discount the short term output stimulus and this leads to a sharp decline in investment in the short run. Under learning, the misperception of the …scal multiplier e¤ect on the real interest rate has led to a larger decline in US investment.
Capital ‡owing from the ROW to the US to reap a higher rate of return also drives up the real interest rate in the ROW. Given that there is a large di¤erence between the real interest rates of the US and the ROW under learning, this leads to larger capital out ‡ow from the ROW. The sum of these e¤ects has caused US real GDP to rise by approximately 1% above the baseline. This is substantial with respect to the increase of approximately 0.3% in the RE outcome. However, as more information is revealed over time, US consumers learn about the true nature of the shock and reduce future consumption.
In contrast to the RE outcome, a rise in the US GDP is now associated with a rise in the ROW GDP because the sharp rise in the US GDP initially dominates the e¤ects of higher real interest rates on the ROW economy. This short run e¤ect, re ‡ected in terms of a hike in the ROW consumption, is quickly reversed as the spike in the real interest rate in the ROW reduces investment and households cut back on consumption after the …rst year.
Thus US …scal policy continues to crowd out the ROW domestic demand after the …rst year and leads to prolonged weaknesses in consumption and investment. The transmission mechanism under learning di¤ers from that in Bianconi and Turnovsky (1997) , which follow the RE outcome of the MSG3 model. A low real interest rate and rising marginal product of capital also creates a boom in investment and generates faster capital accumulation which reinforces the increase in productivity. The real exchange rate depreciates in line with the temporary fall in interest rate via the standard interest rate parity condition. It also re ‡ects the fact that the supply of US goods has risen relative to demand, and thus their relative price (the real exchange rate) must fall (depreciate). Capital ‡ows from the US to the ROW as a result of the fall in the US real interest rate and the desire to raise production of the ROW goods for consumption purposes. Moreover, this is consistent with the increase in the US trade balance. Note that the initial response is driven by forward-looking households and …rms reacting to reap expected higher future growth prospects. The existence of rule-of-thumb agents has also induced some initial overshooting in the real economy.
Productivity Shock
Since the gain in US productivity is a free good in the global economy, the transmission e¤ect is positive in terms of wealth creation for the ROW. Despite a trade de…cit in the ROW in the …rst year (which is consistent with the real depreciation of the US dollar), US consumers begin to demand more goods from the ROW and consequently leads to a trade surplus from the third year onwards. Furthermore, the representative household in the ROW holds US assets and is able to bene…t from excess pro…ts gained by US …rms during the transition period.
In the learning world, productivity shocks enter the wealth of household and the Tobin's q. These a¤ect the consumption and investment pro…les respectively (see Appendix B, equations (47) and (48)). For the household, a positive productivity shock increases the …rm's demand for labor. Under learning, consumption is less volatile and persistence.
This stems from the fact that the associated elements of 1t and 2t are less than that of US investment drops sharply in the …rst year, contrary to the rise under RE. This can be explained by 2t > RE 2 which leads to a higher marginal product of capital. This implies less capital is needed for the same level of output. This outcome is also consistent with a longer spell of US trade de…cit as foreign debt rises from overseas borrowing.
As agents are engaged in one period ahead forecasting, the learning time paths move relatively close to the REE by 2007. Consequently, the decline in the requirement for higher capital stocks leads to a delayed boom in investment, in contrast to the RE case which experiences a surge in investment in the …rst year. Thus, the productivity shock under learning has a negative transmission e¤ect in the ROW. Real GDP falls instead due to negative repercussions on consumption and investment.
Equity Risk Premium
Changes in equity risk premia is found to be one of the important shocks on countries during the Asian Financial Crisis and other recent global shocks (see McKibbin, 1998;  McKibbin and Vines, 2000, 2003) . The equity risk premium is de…ned as the di¤erence between the expected return on holding equity and the expected return on holding government bonds. For these simulations, the returns from the US S&P 500 for equity and that of the US three months T-bills were used to condition this shock. In what follows, the equity risk is increased by 5.358 percentage points in 2006.
The e¤ect of a change in the equity risk premium works through the intertemporal arbitrage condition for Tobin's q. A higher required rate of return on equities can only be achieved by reducing the level of capital stock. Thus, a rise in the risk premium pushes Tobin's q downwards and discourages investment (see Figure (4) ). As a result, asset substitution occurs. The representative household will reduce ownership of equities and diversify by holding more government bonds, housing and foreign assets. This causes real interest rates to fall, and housing prices to rise. It also causes a depreciation of the real exchange rate in the …rst few years as the representative household increases ownership of the ROW assets.
As the representative household holds a portfolio comprising equities, government bonds and housing, there are wealth e¤ects from the capital losses on equities and capital gains from bonds and housing. This explains the increment in consumption in the …rst few years after the shock has been introduced. Moreover, the fall in the real interest rate during this adjustment period creates an incentive to shift consumption to the present.
However, due to liquidity constraints and the costs of adjustment in switching between capital and housing, consumption eventually declines below the baseline before recovering.
The capital out ‡ow from the US is a capital in ‡ow into the ROW. Thus asset prices rise in the ROW and consumption rises attributable to rising wealth e¤ects. Together with this, the in ‡ow of private capital into investment raises aggregate demand and temporarily raises aggregate supply. Consequently, this is re ‡ected in the ROW real GDP trending above the baseline during the transition period. Hence, a rise in the US equity risk premium raises the ROW real growth for a prolonged period. This is the case of a negative transmission since US GDP falls while the ROW GDP rises.
Under learning, interpretation of the transmission of US equity risk premium shock is quite di¤erent. This is not surprising given that asset market arbitrage assumptions are critical in the RE story. Yet these are less important under learning. Since Tobin's q depends on expected future increment in the marginal product of physical capital, this expectation evolves according to the underlying adaptive learning algorithms. The simulation result suggests there is less incentive for agents to substitute across the various classes of assets in the MSG3 model, leading to higher savings initially. In this case, the reduced form associated elements of 1t is less than that of RE 1 (see Appendix B, equation (47)). This leads to a lower rate of capital depletion from the increase in equity risk. Thus less asset substitution occurs and leads to a higher than expected real investment rate compared to RE. Nonetheless the shock discourages investment in equity in the US and higher savings initially. This is further substantiated from the decline in US consumption in the short run as shown in Figure (4) . But the decline in US investment under learning is less volatile than that under RE. In sum, overall real GDP falls by a smaller magnitude below the baseline compared to the REE. Hence, the real interest rate e¤ect dominates under learning.
The transmission to the ROW is very di¤erent under learning. In the RE case, capital ‡ows into the ROW were much larger driving up both investment and consumption. The fall in US GDP causes a fall in the ROW GDP driving down consumption and investment.
There are no wealth e¤ects from the capital reallocation across borders, and as such the transmission story is very di¤erent.
Amongst the shocks considered, the fall in the ROW real GDP yields the largest di¤er-ence between the RE and adaptive learning assumptions. This brings out the important role of asset markets in the transmission of shocks in the MSG3 model. When shocks related to asset markets are propagated across borders, the introduction of adaptive learning has created an additional layer of interaction in the dynamic responses. Moreover, this has also changed the transmission mechanism.
Discussion
To evaluate model …t under learning, the standard deviations of variables obtained using the various learning algorithms adopted in this paper are compared against the RE benchmark. Table (1) shows the standard deviations of key macroeconomic variables for the simulation period of forty years.
From Table ( 1), it is clear that the choice of learning algorithm and gain sequences makes a di¤erence to the volatilities of variables. For the case of the RLS algorithm, macroeconomic variables experienced signi…cant increment in the standard deviations across various policy changes and shocks. When a low constant gain g = 0:03 was used, these standard deviations fell. This is expected given a low constant gain means learners are using a larger window of observations to update their expectations. Consequently, they are also slow to recognize forecast errors made in the previous period. Meanwhile when a high constant gain g = 0:10 was used, the standard deviations of variables dropped signi…cantly.
Another noteworthy point is that the volatilities of most variables generated using the constant gain learning algorithms with g = 0:10 are close to that of the RE version of the MSG3 model, especially for the US. Across the gain sequences considered, the e¤ects of learning on the ROW is mixed.
Given there are mixed results on the choice of learning algorithms in matching the statistical properties of the standard MSG3 model, Table ( Table ( 3) presents the sign and magnitude of the own-country and cross-country spillover of policy changes in the US and the ROW in the …rst and the …fth year under RE and constant gain g = 0:10 learning. Policy changes and shocks are positively transmitted under RE for in ‡ation target and productivity shocks in the …rst year under RE. Whereas demand and equity risk shocks are negatively transmitted under RE.
However, under learning, the signs for the transmission of shocks are opposite to that of the RE results except for the case of in ‡ation target shock. Furthermore, the size of opposite spillover e¤ects are found to be the most signi…cant for the shock to US equity risk premium. This is not surprising since this is a direct shock to the asset markets in which expectations play a critical role. Table ( 3) has also reported the multiplier e¤ects for the …fth year to check for sign reversals in the opposite sign uncovered in the initial transmission of shocks. Between the RE and learning outcomes, the magnitudes of these multipliers are relatively close by the …fth year. The signs have reversed or are close to RE for all shocks except for equity risk.
Again, this reiterates the point that learning has a signi…cant impact under an equity risk scenario.
Sensitivity Analysis
In this section, we consider a number of sensitivity analyses to the baseline model and verify how the results could be a¤ected by di¤erent assumptions. First, we consider how the dynamic responses will vary with the degree of initial beliefs endowed to the learners. As shown in Carceles-Poveda and Giannitsarou (2006), initial conditions matter for learning algorithms. Second, we investigate the e¤ects of the proportion of forwardand backward-looking agents in the MSG3 model. This proportion determines the degree of nominal rigidities, an element as argued by many macroeconomists to be essential for matching the model to data. Milani (2006) demonstrates that when RE is replaced by learning, the estimated degrees of nominal rigidities fall to zero. Third, we examine the e¤ects of di¤erent gain sequences for the US and the ROW. In particular, we explore scenario in which learners in the ROW are learning at a relatively slower speed than learners in the US. In what follows, we focus on the responses of the real GDPs since this is our main de…nitions on e¤ects of international transmission of shocks.
Di¤erent Initial Beliefs
In the baseline learning model, we have assumed the initial beliefs of agents to be at the REE. Table ( 
Proportion of Forward-and Backward-Looking Agents
It is well known that the dynamic stochastic general equilibrium (DSGE) models have di¢ culties in matching the behavior and persistence of observed macroeconomic variables.
Researchers working on these models found that substantial degrees of nominal rigidities 
Di¤erent Learning Speeds Across Countries
So far, we have assumed that agents operating in this world economy are learning the law of motions of di¤erent variables from di¤erent countries at the same rate. Here, we relax this assumption by imposing di¤erent speeds for the learners in the US and the ROW.
In particular, we have imposed g U S = 0:10 and g ROW = 0:03 since US learners will be more alert to shock in their home economy. Since the ROW does not experience the shock directly, it is less necessary for the ROW to learn at a high speed. Given the signi…cant deviation of variables from the RE benchmark, this reiterates the importance of expectations in macroeconomic modeling. In particular, it also highlights the e¤ects of portfolio allocation in the MSG3 class of intertemporal models as agents substitute across asset classes and across borders after a shock has been imposed. More importantly, macroeconomic variables are found to exhibit greater volatilities during the transition when agents are learning.
The results from this paper reinforce the role of asset markets in the international transmission of shocks in the MSG3 model and just how important expectations assumption are, especially through this channel. In the RE benchmark, asset prices accurately re ‡ect the expected future returns of assets. In the adaptive learning world, this channel changes fundamentally as expectations evolve over time. Furthermore, the biggest di¤er-ence can be found under the scenario of an increase in equity risk premium, which is not surprising since this is a shock emanating from the asset markets. 
A.1 Firms
In each sector of production, there is a representative price-taking …rm which will choose an optimal combination of inputs and level of investment to maximize its market value in the equity market. The four factors of production are capital, labor, energy and materials.
The production function of this …rm follows a constant elasticity of substitution (CES) function:
where Q i is the output of sector i, x ij is sector i's demand for input j (that is, output in 
The elasticity of substitution between imports from the ROW is f f i . Since all agents in the model have same preferences over the origin of goods and services, the energy and non-energy sectors will have the identical preferences over domestically produced and imported oil. 9 This treatment conforms with the input-output data used. Moreover, this is tractable as production, consumption and investment decisions can be nested easily.
In each sector, the law of motion for the capital depends on the rate of …xed capital formation (J i ) and the rate of depreciation ( i ):
Following the standard treatment in costs of adjustment models (see Lucas, 1967 ; Treadway, 1969; Uzawa, 1969) , the process of investing in new capital is subjected to rising marginal costs of installation. In what follows, the Uzawa's approach was adopted. This assumes that the representative …rm in sector i needs to purchase a large quantity, I, to install J units of capital. In turn, the quantity of I purchased depends on the rate of investment, ( J k ). The level of investment is given by:
where i is a non-negative parameter. The variable J can be interpreted as installation services provided by the supplier of capital goods. Note that the di¤erence in the sectorspeci…c requirements of capital in the two industries is re ‡ected in terms of di¤erent values for i .
Having established the functional forms of production functions and investment, the objective of each …rm is to choose an optimal level of investment and optimal combination of the other three factors of production (labor, materials and energy) to maximize intertemporal net-of-tax pro…ts. For analytical tractability, certainty equivalence is imposed. As such, this intertemporal optimization problem becomes deterministic. Thus, the …rm maximizes 10 :
where all variables are implicitly subscripted by time. The …rm's pro…ts, , are given by:
where 2 is the corporate income tax, 4 is an investment tax credit, and p is the producer price of the …rm's output. The long term interest rate, R s between time t and s is obtained by:
As all real variables are expressed in e¢ ciency labor units in this model, the …rm's pro…ts have to be discounted by a suitable discount factor. This discount factor has to be adjusted for the rates of population and productivity growth, n. In this model, the value of n is assumed to be 2.5% per annum. The following …rst order conditions characterizes the …rm's behavior in equilibrium:
; j 2 fl; e; mg (9)
where i is the shadow price of an additional unit of investment in sector i.
Equation (9) is the …rm's demands for labor, energy and materials. Equations (10) and (11) describe the optimal time path of capital stock. Integration of (11) along the optimum time paths of investment and capital accumulation, b J(t) and b k(t) yields the explicit expression for i :
Equation (12) comprises of two components and they are interpreted as follows. The …rst term in the integral is the present discounted value of after-tax marginal product of capital obtained from the production function. The second term is the savings derived from the adjustment costs of additional capital. Note that this term is net of the investment tax.
The expression for i in equation (10) is related to the after-tax version of Tobin's q (see Abel, 1979 ), this becomes:
Consequently, equation (10) is rewritten as:
Upon substitution of this expression into (5) yields the total purchases of new capital goods:
As shown in Hayashi (1979) , actual investment is partially driven by cash ‡ows. To account for this feature, equation (5) is written as a weighted average of q and the …rm's current cash ‡ow at time t, i , adjusted for the investment tax credit:
There are two bene…ts for writing equation (16) in this manner. First, it improves the model's ability to mimic historical data. Second, it re ‡ects the fact that some …rms are constrained and not able to borrow. As such, these …rms invest out of their retained earnings.
Having examined the demand for investment goods by each sector, the supply of investment goods in this model is explained. These goods are supplied by a third industry which uses labor and outputs from the other industries to produce raw capital goods.
Similar, the production function of this …rm follows closely to that of the other two industries. To be speci…c, this …rm has a nested CES production function which depends on inputs of capital, labor, energy and materials, and earns zero pro…ts. It is also assumed that this …rm incurs adjustment costs in the accumulation of capital just like …rms in the other industries. However, the data used to estimate this …rm's production coe¢ cients is di¤erent, that is, the investment column of the input-output table was used.
A.2 Households
Households supply labor, save and consume goods and services. Within each region, the household's behavior is modeled by a representative agent having an intertemporal utility function:
where c(s) is the household's aggregate consumption of goods and services at time s, g(s) is the government consumption at s, and is the rate of time preference. 11 The household's intertemporal optimization problem is to maximize (17) subject to the budget constraint in which the present value of consumption is equal to the sum of human wealth, H, and initial …nancial assets, F 12 :
Human wealth is de…ned as the expected present value of the future stream of after-tax labor income plus transfers:
where 1 is the tax rate on labor income, T R is the level of government transfers, L C is the quantity of labor used directly in …nal consumption, L I is labor used in producing the investment good, L G is government employment, and L i is employment in sector i.
Financial wealth of representative agent is the sum of real money balances, M ON=P , real government bonds in the hand of the public, B, net holding of claims against foreign residents, A, the value of capital in each sector:
The solution to this maximization problem yields the standard result in which aggregate consumption spending is equal to a constant proportion of private wealth, de…ned as the sum of human wealth and …nancial wealth. This solution is expressed mathematically as:
Following the evidence cited in Campbell and Mankiw (1990) and Hayashi (1982) , a fraction of the consumers are assumed to be liquidity-constrained and as such only able to consume a …xed fraction of their after-tax income (IN C). 13 The rest of the consumers are assumed to be full intertemporal optimizers and are not liquidity-constrained. As such, they choose the optimal level of consumption based on (18) . The total consumption expenditure is given by:
The share of households (1 8 ) consuming the …xed fraction of their income could also be interpreted as a form of permanent income behavior in which household expectations about income are myopic.
After determining the overall level of consumption, spending is allocated among goods and services using a CES utility function. 14 The demand equations for capital, labor, energy and materials can be shown to be:
; i 2 fk; l; e; mg (23) where y is total expenditure, x c i is household demand for good i, o c is the top-tier elasticity of substitution and the 
Household capital services consist of the service ‡ows of consumer durables plus residential housing. The supply of household capital services is determined by consumers themselves who invest in household capital, k c , in order to generate a desired ‡ow of capital services, c k , according to the following production function:
where is a constant. Accumulation of household capital is subject to the condition:
Similar to the …rm's capital stock, the household capital stock is assumed to be subjected to adjustment costs. Thus, household's spending on investment, I c , is related to J c by:
where J c is the unit of capital to be installed. Therefore, the household's investment decision is to choose I c to maximize:
where p ck is the imputed rental price of household capital. In contrast to the …rm's investment decision, the key di¤erence is that no variable factors are used in producing household capital services and there is no investment tax credit for household capital.
Given these di¤erences, the marginal value of a unit of household capital, c , is shown to be:
where the integral is computed along the optimal path of investment and capital accumulation, b J C (t) and b k C (t). Marginal q is:
and investment is given by:
A.3 The Labor Market
Labor is assumed to be perfectly mobile across sectors in each region but is assumed to immobile between the two regions. As a result, wages will be the same across sectors within the US, but in general will be di¤erent in the ROW. Thus, wages will be equal across sectors within each region, but will generally not be equal between the two regions.
In the long run, labor supply is completely inelastic and is determined by the exogenous rate of population growth. Long run wages adjust in each region so that full level of employment can be attained. In the short run, nominal wages are assumed to adjust slowly according to overlapping wage contracts model. To be speci…c, wages are set based on current wages, the ratio of expected in ‡ation to current in ‡ation, the ratio of current in ‡ation to lagged in ‡ation, and the ratio of current employment to full employment:
The weight that wage contracts attach to expected changes in the price level is 5 while the weight assigned to deviations from full employment (L) is 6 . Since wages are preset one period in advance, equation (32) can result in short run unemployment if unexpected shocks cause the real wage to become too high for the labor market to clear.
A.4 The Government
For each region, the real government spending on goods and services is assumed to be exogenous and is allocated among inputs in …xed proportion. In this version of the model, these proportions are based on the US data in 1996. Total government expenditure compromises of purchases of goods and services plus interest payments on government debt, investment tax credits and transfers to households. Government revenue are collected from sales taxes, corporate and personal income taxes, and from the sales of new government bonds. The government budget constraint is written in terms of the accumulation of public debt as:
where B is the stock of debt, D is the budget de…cit, G is total government spending on goods and services, T R is transfer payments to households, and T is total tax revenue net of any investment tax credit.
In order to prevent the per capita government to grow at a faster rate than the interest rate forever, the following transversality condition is imposed:
If the government is fully leveraged at all times, (34) allows (33) to be written in integral as:
Thus, the current level of debt will always be exactly equal to the present value of future budget surpluses. 15 The implication of (35) is that a government running a budget de…cit today must run an equivalent budget surplus some point in the future. Thus, Ricardian equivalence holds.
Otherwise, the government would be unable to service interest payments on the debt issued and agents would not be willing to hold it given the lack of certainty in returns. To ensure that (35) holds every period, the government levies a lump sum tax in each period equal to the value of interest payments on the outstanding debt. 16 Thus, this e¤ectively means that any increment in the government debt has to be …nanced by consols, and future taxes have to be raised in su¢ cient amount to service any increased in the costs of interest payments.
A.5 Financial Markets and the Balance of Payments
The two regions in the model are linked by international ‡ows of goods and assets. Flows of goods are determined by the import demands described earlier. These demands are summarized by a set of bilateral trade matrices which map the ‡ows of each good between the exporting and importing countries.
Trade imbalances are …nanced by ‡ows of assets between countries. Each region with a current account de…cit will have a matching capital account surplus, and vice versa. 17 As such, balance of payments holds in every point in time. Asset markets are also assumed to be perfectly integrated across regions. 18 Under perfect mobility of capital across borders, expected returns on loans denominated in the currencies of the two regions must be equalized in every period according to a set of interest arbitrage conditions:
where i U S and i ROW are the interest rates in the US and the ROW, U S and ROW are exogenous risk premiums demanded by investors (calibrated in the baseline to make the model condition hold exactly with actual data), and E ROW U S is the nominal exchange rate between the currencies of the two countries.
Capital ‡ows may take the form of portfolio investment or foreign direct investment.
Nonetheless these are assumed to be perfect substitutes ex ante, adjusting to the expected rates of return across the two countries and across the two sectors. Within each country, the expected returns to each type of asset are equalized by arbitrage conditions. This also accounts for the costs of adjusting physical capital stock and for exogenous risk premia.
Since it is costly to adjust physical capital, the in ‡ow of …nancial capital invested in the form of physical capital in the other country will also be costly. As a result, this model is able to generate features of windfalls gains and/or losses to owners of physical capital.
Furthermore, ex post returns can vary signi…cantly across countries and across sectors. 1 6 In the model the tax is actually levied on the di¤erence between interest payments on the debt and what interest payments would have been if the debt had remained at its base level. The remainder, interest payments on the baseline debt, is …nanced by ordinary taxes. 1 7 Global net ‡ows of private capital are constrained to be zero at all times, that is, the total of all funds borrowed is equal to the total funds lent. On a theoretical basis, this may be plausible, but this assumption is often violated in international …nancial data. 1 8 The mobility of international capital is a subject of considerable debate; see Gordon and Bovenberg (1994) or Feldstein and Horioka (1980) for discussion.
A.6 Money Demand
Money enters the model through a constraint on transactions. 19 The demand for real money balances depends on the value of aggregate output and short term nominal interest rates:
where Y is the aggregate level of output, P is the price index for Y , i is the short term interest rate, and " is the interest elasticity of money demand. The supply of money is determined by the balance sheet of the central bank and is assumed to be exogenous.
B Equilibrium Conditions
The two sectors of productions are denoted by subscript i, and the two countries denoted by superscript j. The log-linearised equilibrium conditions expressed in terms of state and exogenous variables are: 
